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boundary-layer thickness 8,/d=0.003, the c,z values should
also be constant for each Mach number. One can see that
this nearly is the case. The deviations from a mean value in
each group are relatively small. At M =2.85, the deviations
depend partly on the fact that the Mach number is not con-
stant, but varies from M, =2.81 at §,/d=0.19 to M, =2.89
at §,/d=0.70.

There are, of course, several other theories for prediction
of the base pressure in two-dimensional supersonic flow.
Perhaps the most important are based on the flow model of
Chapman® and Korst’” where the basic physical idea is that
the base pressure can be predicted if the pressure at the reat-
tachment point (see Fig. 1) is known. Of these theories, we
additionally mention only those of Refs. 8-10, which allow
the prediction of the influence of the boundary-layer
thickness on the base pressure. The theories have been
discussed and compared in Ref. 11. It seems that the theory
of McDonald!® agrees at least qualitatively with experiment,
whereas Refs. 8 and 9 overestimate the effect of the
boundary-layer thickness. Experimental results exist obviously
only for 6,/d=<0.10.
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Nomenclature
ALLA; = coefficients in the finite difference equation
d =width (and height) of the duct
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4 = pressure
r0,z =coordinate distances
S =integrated source term
v, = bulk axial velocity .
U, vp,v, =linear velocities in r, #, and z directions,
respectively
X =distance in the straight sections
0 = fluid density
u = fluid viscosity

Introduction

HE understanding of flow development in ducts with

longitudinal curvature is of interest in the design of air-
craft intakes, turbomachinery passages, and heat exchange
equipment. A number of previous studies'-> have attempted to
solve numerically the partial differential equations ap-
propriate to the curved duct configuration. Experimental
studies quantifying the velocity and pressure fields also have
been made.*%7 A review of flow development in curved cir-
cular pipes was recently made by Berger et al.?

This Note describes the numerical solution of the elliptic
partial differential equations governing three-dimensional
fluid flow in strongly curved rectangular ducts by the use of a
fully coupled block-implicit solution algorithm. Calculations
have been made for the configuration of Humphrey et al.* It is
observed that the coupled solution of the momentum and con-
tinuity equations converges rapidly and reduces the required
computing time by a factor of 2.5 over a decoupled solution
such as that by Humphrey et al.* The flowfield calculated here
is in good agreement with the experimental data and with
previous calculations.* The flow separation on the outer
sidewall is well predicted, in conformity with earlier
observations.

Equations Solved

Theoretical studies of curved duct flow development need
the solution of complete elliptic Navier-Stokes equations
governing steady three-dimensional flows. At small cur-
vatures, however, the flow may be considered parabolic® or
partially parabolic!® and streamwise diffusion may be
neglected. The present study is concerned with the calculation
of flow in strongly curved ducts with regions of axial flow
reversal. Consequently, the following three-dimensional ellip-
tic equations are solved.
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The above equations are solved with boundary conditions
appropriate to the experimental configuration.
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Fig. 1 Duct configuration and coordinate system.
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Fig. 2 Secondary flow patterns at a) x=—0.1 d; b) §=15 deg; ¢)
6=30 deg; d) 4=060 deg.

Solution Algorithm
Finite Differencing

The discrete equations are derived by integrating the
governing equations over ‘‘control volumes.”” A staggered
mesh system is used in locating the velocities and pressure. The
momentum equations are integrated over subregions
surrounding the location of the velocity. The practices used in
the integration process are similar to those of Pratap and
Spalding. ! However, a difference in current practice is the use
of exponential functions for the internode variation of the
variables.

After the integration of individual convective and diffusive
fluxes in the 7, z, and ¢ directions and the source terms, the
equations can be concisely written in the form

Appp=LA;$;+S ®)

where ¢ is any one of the three velocities. The A4 link the
neighboring values of ¢ with the variable being solved for. The
term S is the integrated value of the ‘‘source term’’ in the
equations (those not represented by the standard divergence
form). The continuity equation is integrated by summing the
mass fluxes in and out of the control volumes surrounding the
grid nodes.

Solution of Equations

The present solution procedure is based on recognition of
the strong interaction between the pressure and velocity fields.
The set of nonlinear equations are therefore solved by a block-
implicit method. The equations are first grouped at each node
and the blocks are then combined into one large set. Sym-
bolically, we seek the solution to

F(X)=0
where
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Fig. 3 Development of axial velocity at A) 1mm, B) 10 mm, and C)
20 mm from bottom wall: -- predictions, o data (Ref.4) at (a) x= -5
d, (b) 6=0 deg, (c) =30 deg, (d) =60 deg, (e) 0 =90 deg.

and where the column vector X denotes the blocked set of
unknown velocities and pressures and F the finite difference
equation set. This large set of nonlinear equations may be
solved through a Newton or Newton-Raphson method com-
bined with direct or iterative inversion of the linear equations.
However, because of the unsymmetric nature of the equa-
tions, iterative solutions of the linear equations are unreliable
and may be slow to converge for the present system. Also, the
use of a direct solution of three-dimensional equations
through Gaussian elimination is not practical for large
systems.

These constraints on the available computer memory and
the need for reliability have led us to employ a plane-by-plane
solution of the equations. The plane-by-plane solution enjoys
the benefit of rapid transfer of information along the direction
perpendicular to the planes and, if this is chosen properly, can
lead to rapid convergence. In the curved duct case, except in
the regions of negative axial velocity, the axial 6 direction is
the most suitable one for such plane-by-plane sweeps.
Therefore, the present algorithm solves the blocked nonlinear
equations on successive (r-z) planes. At each plane, the
velocities v, and v, located in the plane and the v, velocities in
front of the plane (note the staggered mesh arrangement) are
solved.

First, the nonlinear equations are linearized with the values
currently in the computer storage. The two-dimensional set of
linear equations is then solved by an efficient sparse Gaussian
elimination routine.!’ For the sake of reliability, a direct
inversion routine is currently preferred over an iterative
algorithm. The linear equations are solved for the corrections
by first calculating the residuals in the equations. The correc-
tions are applied to the existing fields of velocity and pressure.
The flow domain is repeatedly swept with the plane-by-plane
solution until the residuals have decreased to small values. The
CPU time required by the direct inversion process is reduced
through preordering the blocks of equations on alternate



DECEMBER 1985

diagonals and by calculating the LU factorizations of the coef-
ficient matrices only at selected cross-sectional planes (this is
similar to a Newton’s chord method). A small amount of
under-relaxation was found necessary on the corrections made
to the velocities and pressures.

Results

Calculations have been made for the experimental con-
figuration of Humphrey et al.* The coordinate system is
shown in Fig. 1. The duct is of square cross section (d=0.04
m) and has a radius of curvature of 0.072 m. The curved duct
is preceded and followed by straight sections. The Reynolds
number of the flow based on the duct width and the inlet bulk
velocity vy, is 792.0. The flow is considered fully developed at a
station 0.2 m (5 d) upstream of the 0 deg of the bend. The
present calculations were made with a (58 x15x11) (6,r,2)
grid that is nearly the same size as that used by Humphrey et
al. (60% 15x 10). Because of symmetry conditions, only half
of the duct was solved.

Fully developed duct flow profiles were first generated by
solving the equations of a straight duct. These were then
prescribed at the inlet plane. A zero derivative exit boundary
condition was prescribed at x=10 d in the aft straight duct.
The calculations were started with simplistic guesses to the
velocity and pressure fields. The normalized maximum
residuals in the momentum and continuity equations are
monitored with iteration number. The present calculations
converge rapidly to residuals of 103 in about 40 iterations.
The CPU time on an IBM 3033 was 8 min, which reflects a
factor of 2.5 improvement over the time quoted by Humphrey
et al. (after considering the relative speeds of the computers in-
volved). Additional computational efficiencies can be gained
by developing a reliable iterative algorithm in place of the
direct inversion procedure.

Figure 2 shows the calculated secondary flow patterns at
four axial locations. It can be seen that the secondary flow is
already present upstream of the 0 deg station as a consequence
of the ellipticity in the flow. The secondary velocities increase
in magnitude with bend angle, reaching a value in excess of
50% of the bulk velocity in regions close to the bottom wall.

Figure 3 shows the development of the axial velocity at dif-
ferent heights from the bottom wall. It is observed that in the
initial region of the bend the flow has separated from the outer
sidewall at z=1 mm as a consequence of the large adverse
pressure gradient. The development of the axial velocity pro-
files agrees satisfactorily with the experimental data and
calculations of Humphrey et al. Further improvement in the
agreement is possible, however, through the use of more grid
nodes in regions of large-velocity gradients.
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Nomenclature
a1,82,83,04,
bi,b,,b;,b, =complex constants
€y,Cy =complex constants having ‘‘nontransport’’ and
““transport’’ properties, respectively
L,,L, =complex constants

Remaining nomenclature is identical to that of Ref. 1.

Introduction

NALYTICAL studies of steady-state diffusion flames

are generally based on the Burke-Schumann formula-
tion.2 If the Burke-Schumann geometry is slightly modified
to permit fuel/oxidizer flows up to large radial distances, the
resulting diffusion flames induce a steady-state velocity pro-
file that tends to be constant near the axis (because of
axisymmetry) and at large radial distances (because of the
diminishing effect of the diffusion flames). In order to study
the dynamic stability of these flames, it is necessary to
generalize the formulation to the unsteady case and to carry
out a classical linearized stability analysis, taking care to
handle correctly the conditions® at the unsteady flame. Such
an analysis leads to an eigenvalue differential equation
whose solution for the eigenvalue vyields the growth (or
decay) rate of the disturbances along with their frequency. In
such analyses, it is usual, as a first approximation, to neglect
unsteady transport effects as these give rise to higher-order
derivative terms in the stability formulation. Such simplifica-
tion generally results in some loss of information concerning
the stability problem and the resulting mathematical for-
mulation can be referred to as a simplified eigenvalue prob-
lem. In the context of the Burke-Schumann problem, the
unsteady transport effects refer to unsteady mass and energy
diffusion and unsteady energy conduction. Neglecting these
effects corresponds to the formal limit Peclet number
P —oco.

An analysis along these lines can be found in Ref. 1,
whose problem geometry and linearized unsteady equations
constitute a convenient starting point for the present work.
In the above analysis, the loss of information referred to
earlier manifests itself as an inability of the problem for-
mulation to distinguish between self-excited and damped
disturbances. Mathematically, the eigenvalue differential
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